(random variable basis), or events that are dependent on spatial position 4, 5 (event basis). Randomvariable-based joint probability density functions (JPDFs) are typically constructed using parametric statistical models to fit the available (but often limited) data. On the other hand, event-based JPDFs are often based on computational outcomes at specific locations, where the number of potential locations is potentially unlimited 2 . For example, an event-based JPDF can be used to describe the conditional probability of failure as a function of position (Fig. 1) . The efficiency and accuracy of the conditional failure JPDF is dependent on the number of limit state evaluations at each spatial location and on the number of spatial locations used to describe it. Component failure probability ( F p ) is obtained by integrating the spatial conditional failure JPDF over the spatial domain, where computational efficiency and accuracy is dependent on the underlying conditional failure JPDF at the selected integration points.
Previous studies [6] [7] [8] have focused on modeling the spatial conditional failure JPDF as a multivariate histogram associated with regions within the domain that are referred to as "zones". The uniform probability density for each zone is set to the maximum possible value within the associated region to ensure a conservative value of F p . The advantage to this approach is that a relatively coarse mesh can be used to estimate conditional failure JPDF, and the mesh can be refined as necessary to satisfy computational accuracy requirements. The primary disadvantage to this approach is that it requires definition of the maximum conditional failure probability within each zone. In addition, the mesh refinement process may require computation of conditional failures at more locations than would be needed to accurately describe the spatial conditional failure JPDF.
In this paper, an approach is presented for the estimation of a fracture mechanics-based conditional failure JPDF within a finite domain. An approximate JPDF is constructed using probability of fracture values associated with anomalies placed at discrete points along the perimeter of the component and at selected locations within the interior of the component. The discrete points are connected to form a mesh of elements using a Delaunay triangulation algorithm 9, 10 . Anomaly occurrence rates are assigned to elements based on the relative values of the element volumes. The final JPDF is obtained from an adaptive refinement of the element mesh where elements are subdivided based on contribution to component risk. 
II. Zone-Based Probabilistic Fracture Mechanics
The computation time associated with a probabilistic fracture mechanics-based risk assessment may be nontrivial. To improve the efficiency of risk computations, an approximate solution can be used to address the uncertainty associated with the location of the anomaly. As shown in Fig. 2 , the disk is subdivided into regions of approximately equal risk, called zones. It is assumed that all of the material in a zone has similar stresses, material properties, inspection schedules and POD, and the crack growth life associated with an initial anomaly is similar anywhere within a zone. For rare anomaly materials it is assumed that a zone has no more than one significant anomaly. To ensure a conservative risk estimate, the anomaly is placed in a location within the zone that minimizes the crack growth life values.
For rare anomaly materials, the probability of fracture p i within a zone is given by 6 :
A p can be modeled as a Poisson process 2 with a mean anomaly occurrence rate i λ that is proportional to the volume of material in the zone:
If the mean anomaly occurrence rate is relatively small, then the component probability of fracture can be approximated as 11 :
Some materials may exhibit large anomaly occurrence rates, with multiple anomalies within a zone. If there are no physical interactions among anomalies in a zone, then the zone risk can be estimated by assuming that all anomalies are at the life limiting location of the zone. This provides a conservative (upper bound) risk estimate that converges to the true solution as the number of zones becomes large 12 . For materials with large numbers of anomalies, the component probability of fracture becomes 13 :
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III. Efficient Risk Prediction
Sampling-based probabilistic analysis methods can be used to predict the probability of fracture of components subjected to periodic inspection. Monte Carlo simulation provides accurate results, where accuracy is dependent on the relative values of failure probability, confidence interval, and number of random samples. However, when Monte Carlo simulation is used, a time consuming crack growth assessment must performed for each Monte Carlo sample. A large number of samples may be required to satisfy accuracy requirements, so the total CPU time required to complete the computations may be significant.
To reduce computation time, a response surface can be developed that relates the fracture mechanics-based input random variables such as initial crack size and crack growth life scatter to the response variables such as final crack size and cycles to failure. During Monte Carlo sampling, estimates for the response variables are obtained from the response surface which can significantly improve computational efficiency.
Importance sampling (IS) can also be applied to the problem by focusing the analysis on the initial conditions that would result in lives shorter than the specified design life. This approach reduces the size of the analysis region and may be significantly more efficient than Monte Carlo simulation. An overview of the IS methodology for predicting fatigue life of components subjected to periodic inspections is provided in references 6 and 14. A summary of some recently developed techniques for efficient risk assessment of fracture critical components subjected to random inspection is provided in Table 1 .
IV. Estimation of Conditional Failure Joint Probability Density
As an alternative to the zone-based approach, a conditional failure JPDF can be used to represent the probability of failure given spatial position within a domain. Conditional failure probabilities are typically estimated at discrete locations to describe a joint probability mass function (JPMF) over the domain. Since the JPDF is a continuous function, some form of response surface must be developed to transform the discrete JPMF into a continuous function. If a coarse mesh is used to estimate the JPMF, it may introduce considerable error into the JPDF. On the other hand, if a fine mesh is used, the computation time required to develop the JPMF may be prohibitive, particularly when a numerical sampling-based approach is used to estimate failure probabilities. JPDF estimation is therefore focused on the creation of the mesh of discrete points that are used to describe the JPMF.
As indicated in Eqn.
(1), the probability of fracture given an initial anomaly is a conditional failure probability that is dependent on the size and location of the anomaly within a component. The probability of fracture is dependent on the applied stress values and on the geometry of the component (among other factors), both of which are dependent on the location of the anomaly. Probability of fracture values are greatest in regions of relatively high stress and low constraint, which frequently occurs on or near the component surface. Mesh points are placed along the surface of the component to model the potentially large conditional failure values in this region. These points can be joined together, and provide a description of the component perimeter or exterior boundary. Additional mesh points can be added to the interior to address the changes in probability of fracture values associated with these American Institute of Aeronautics and Astronautics locations. A Delaunay triangulation algorithm is used to combine the perimeter and interior points into a triangular mesh of elements. Once the initial mesh has been formed, it can be refined using an adaptive algorithm 18 .
V. Application to Gas Turbine Engine Components
The approach for estimation of the conditional failure JPDF is illustrated for the aircraft gas turbine engine compressor disk shown in Fig. 2a . Internal stresses and temperatures are based on finite element analysis results associated with four critical load steps in the flight cycle. The disk has a design life of 20,000 flight cycles. Deterministic crack growth life was computed using stress intensity factor solutions for cracks in rectangular plates 19 . Probability of fracture values were computed using importance sampling 6, 14 . Normalized stress values associated with the primary cycle and conditional risk values associated with all cycles are shown in Fig. 4a for each of the discrete locations along the perimeter of the component (Fig. 3b) . Perimeter nodes were placed at locations of significant change in stress. Conditional risk values were computed at these locations, also shown in Fig. 4a , where it can be observed that the conditional risk contour is remarkably similar to the conditional risk contour associated with the discrete locations (Fig. 3b) . The number and location of the perimeter nodes were adjusted using an adaptive refinement algorithm 18 . The conditional risk results associated with the refined mesh are shown in Fig. 4b .
The number and location of the perimeter nodes can also be adjusted so that the perimeter mesh geometry is consistent with the finite element geometry, as shown in Fig. 5 . The perimeter mesh points were connected with interior mesh points using Delaunay triangulation to form the complete mesh shown in Fig. 6 . The mesh was adaptively refined by subdividing the elements that have a significant contribution to risk, shown in Fig. 7 . The resulting mesh (Fig 7d) includes both coarse and fine regions, reflecting relatively small and large changes in conditional failure associated with change in position, respectively. A comparison of JPDFs based on a highly discretized mesh and the adaptively refined mesh is shown in Fig 8, where similar results were obtained for both meshes. 
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VI. Summary
An approach was presented for the estimation of a fracture mechanics-based conditional failure JPDF within a finite domain. The approach consists of the development of an initial mesh based on discrete points along the perimeter of the component and at selected locations within the interior of the component. The final JPDF is obtained from an adaptive refinement of the element mesh where elements are subdivided based on contribution to component risk. The approach was illustrated for fracture assessment of a gas turbine engine disk. The results can be applied to the risk assessment of components that are susceptible to fracture failure.
